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Abstract
We provide the ﬁrst theoretical proof of the spectrum of orders n for which circulant weighing matrices with weight 9 exist. This
spectrum consists of those positive integers n, which are multiples of 13 or 24. We actually characterize the “minimal” examples
which exist for orders 13, 26, or 24.
© 2007 Elsevier B.V. All rights reserved.
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1. Introduction
A weighing matrix of order n and weightm2 is a square matrix M of order n with entries from {−1, 0,+1} such that
MMT = m2I ,
where I is the identity matrix of order n and MT is the transpose of M. In the following, we say that M is a W(n,m2)
if M is a weighing matrix of order n and weight m2.
Let G = {g1, g2, . . . , gn} be a group of order n. Let A =∑ni=1 aigi , ai ∈ Z, be an element of the group ring Z[G].
For any integer t, we deﬁne A(t) to be
∑n
i=1 aigti . Suppose A satisﬁes
(W1) ai ∈ {0, ±1} and
(W2) AA(−1) = m2.
Then the group matrix M = (bij ), where bij = ak if gig−1j = gk, is a W(n,m2), see [1].
For the convenience of our study of group weighing matrices using the notation of group rings, we say thatA ∈ Z[G]
is a W(G,m2) if it satisﬁes conditions (W1) and (W2) above. In particular, if G is cyclic group of order n, the group
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matrix obtained is a circulant matrix and we say that A is a CW(n,m2). We use the preﬁx CW to mean “Circulant
weighing matrices”. For more on circulant weighing matrices, see Arasu and Seberry [4,5], and Mullin [6].
For A as deﬁned above, the support of A is deﬁned to be the set supp(A) = {gi |ai = 0}. Suppose A is a W(G,m2).
If the support of A is contained in a (left or right) coset of a proper subgroup H in G, we say that A is a trivial extension
of a W(H,m2). If A is not a trivial extension of any W(H,m2) for any proper subgroup H of G, A is called a proper
W(G,m2).
In this paper, we shall prove that proper CW(n, 9) only exist for n = 13, 26 and 24. A machine-dependent proof of
this is already contained in [7]. In this paper, we provide a theoretical proof.
Example 1. Let G = 〈g〉 where o(g) = 26. Let
A = g + g3 + g9 + g2 + g6 + g18 − g4 − g12 − g10.
Then A is a proper CW(26, 9). Let  : G −→ G/〈g13〉 be the natural epimorphism. It can be shown that (A) is a
proper CW(13, 9). Here o(g) denotes the order of g.
Example 2. Let G = 〈h〉 × 〈g〉 where o(h) = 3 and o(g) = 8. Let
A = −1 + (1 − g4)(g + g3) + (h + h2)(1 + g4).
Then A is a proper CW(24, 9).
The following is the main theorem of this paper:
Theorem 3. There exists a proper CW(n, 9) if and only if n = 13, 26 or 24.
2. Preliminaries
The following notation will be used throughout this paper. For integers n and p which are relatively prime, we shall
denote Ordn(p) to be the smallest positive integer e such that pe ≡ 1modn or in other words, e is the smallest positive
integer such that pe−1 ≡ 0modn . For an element h of a group, (h, p)will be used to denote the set {h, hp, hp2 , . . .}.
If K is a normal subgroup of a group G, then K is the natural epimorphism from G to G/K . Let S be a subset of G.
Following the usual practice of algebraic design theory, we identify S with the group ring element S=∑g∈S g in Z[G].
Proposition 4. Let G be a ﬁnite group, K a normal subgroup of G and k an integer. If A ∈ Z[G] satisﬁes AA(−1) = k,
then K(A)K(A)(−1) = k.
The following two lemmas are well known, see e.g. [2].
Lemma 5. Let A be a W(G,m2) for some ﬁnite group G. Then A=X1 −X2 for two disjoint subsets X1 and X2 such
that {|X1|, |X2|} = {(m2 + m)/2, (m2 − m)/2}.
Lemma 6. Let G be an abelian group of order n and let p be a prime relatively prime to n. If A ∈ Z[G] is such that
AA(−1) = p2r , then there exists g ∈ G such that (gA)(p) = gA.
We prove a couple of useful lemmas.
Lemma 7. Let G be a cyclic group of order n and let p be a prime relatively prime to n. LetX1, X2, . . . , Xs be pairwise
disjoint subsets of G. Let A =∑si=1 aiXi ∈ Z[G], where a1, a2, . . . , as are distinct nonzero integers, be such that
AA(−1) = p2r and the support of A is not contained in any coset of any proper subgroup of G, then n is a divisor of the
least common multiple of p − 1, p2 − 1, . . . , pu − 1 where u = max{|Xi ||i = 1, 2, . . . , s}.
Proof. ByLemma 6, we know that there exists g ∈ G such that (gA)(p)=gA. Clearly (gA)(gA)(−1)=p2r and the sup-
port of gA is not contained in any coset of any proper subgroup ofG.Also gA=∑si=1 aigXi where gX1, gX2, . . . , gXs
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are pairwise disjoint subsets ofG. By Lemma 5,WLOGwe can assume that |X1| |Xi | for all i2. Let h ∈ supp(gA).
As (gA)(p) = gA, if h ∈ gXi , then (h, p) ⊆ gXi . Thus for all h ∈ supp(gA),
|(h, p)| = Ordo(h)p |gXi | = |Xi | |X1|.
As the support of gA is not contained in any coset of any proper subgroup of G, G = 〈supp(gA)〉. Since for every
h ∈ supp(gA), o(h)|pt −1 where t=Ordo(h)p |X1|, n is a divisor of the least commonmultiple of p−1, p2−1, . . . ,
pu − 1. 
Lemma 8. Let G be a cyclic group of order n and let p be a prime relatively prime to n. Let X1, X2, . . . , Xs be
pairwise disjoint subsets of G such that |X1|> |Xi | for all i2. Let A =∑si=1 aiXi ∈ Z[G], where a1, a2, . . . , as
are distinct nonzero integers, be such that AA(−1) = p2r and A(p) = A. If q is a prime divisor of n such that qf |n and
Ordqf (p)> |Xi | for all i2, then




for some h1, h2, . . . , hd ∈ X1 and C ∈ Z[G] where supp(C) is contained in the proper subgroupK ={g ∈ G|qf does
not divide o(g)} of G.
Proof. For any h ∈ supp(A), if qf |o(h), then |(h, p)|ordqf (p). This implies that h ∈ supp(X1) and thus (h, p) ⊆
X1. So we can write




for some h1, h2, . . . , hd ∈ supp(X1) and C ∈ Z[G] where supp(C) ⊆ K . 
3. The case when n is not a multiple of 3
In this section, we assume that n is not a multiple of 3. Let G be a cyclic group of order n and let A ∈ Z[G] be a
proper CW(n, 9). Clearly hA is a proper CW(n, 9) for h ∈ G if and only if A is a proper CW(n, 9). Consider gA for the
g ∈ G such that (gA)(3) = gA. By Lemma 5,WLOG we assume that gA=X1 −X2 where X1, X2 are disjoint subsets
of G such that |X1| = 6 and |X2| = 3. By the choice of g, we know that X(3)i = Xi for i = 1, 2. Thus if h ∈ supp(Xi),
then (h, 3) ⊆ supp(Xi) too. By Lemma 7, n is a divisor of the smallest common multiple of 3−1, 32 −1, . . . , 36 −1,
i.e. 24 × 5 × 7 × 112 × 13. Note that
3 − 1 = 2 ⇒ Ord23 = 1;
32 − 1 = 23 ⇒ Ord223 = Ord233 = 2;
33 − 1 = 2 × 13 ⇒ Ord133 = Ord2×133 = 3;
34 − 1 = 24 × 5 ⇒ Ord243 = Ord53 = Ord24×53 = 4;
35 − 1 = 2 × 112 ⇒ Ord113 = Ord1123 = Ord2×113 = Ord2×1123 = 5;
36 − 1 = 13 × 7 × 23 ⇒ Ord73 = Ord7×23 = Ord7×223 = Ord7×233
= Ord7×133 = Ord13×223 = Ord13×233
= Ord13×7×233 = 6.
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Case 1: Assume that n = 11a for some integer a.
There exists an elementh ∈ supp(gA) such that 11|o(h) asA is proper.Note that |(h, 3)|=5 ando(h)=11, 112, 2×11




11 if o(h) = 11 or 2 × 11,
112 if o(h) = 112 or 2 × 112.
Then
H (gA) = H (C) + 5, (1)
where  ∈ G/H , o()= 1 or 2 and the coefﬁcients of H (C) are 0,±1. By Proposition 4, the coefﬁcient of the identity
in H (gA)H (gA)(−1) is 9 while by Eq. (1), the coefﬁcient of the identity in H (gA)H (gA)(−1) is the sum of the
squares of all coefﬁcients of H (gA) which is at least (5 − 1)2 + 4 − 1 = 19, a contradiction.
Case 2: Assume that n = ma, where m ∈ {24, 5, 7}, for some integer a.
There exists an element h ∈ supp(gA) such that m|o(h) as A is proper. Note that |(h, 3)| = 4 if m = 24 or 5; and
|(h, 3)| = 6 if m = 7. By Lemma 8, gA = C + (h, 3) where supp(C) ⊆ K = {g ∈ G|m does not divide o(g)}. Let
H be a subgroup of G such that
|H | =
{
23a if o(h) = 24,
a if o(h) = 5 or 7.
Then
H (gA) =
{−1 + 4H (h) if o(h) = 24,
−1 + (H (h), 3) if o(h) = 5,
−3 + (H (h), 3) if o(h) = 7,
(2)
where H (h) is not the identity. This contradicts Proposition 4 as the coefﬁcients of the identity in H (gA)H (gA)(−1)
are, respectively, 17, 5 and 15 by Eq. (2).
Case 3: Assume that n = 22 × 13 × a where a = 1 or 2.




1 if o(h) = 1 or 2,
2 if o(h) = 4 or 8,
3 if o(h) = 13 or 26,
6 if o(h) = 52 or 104.
(a) Suppose for all h ∈ X2, o(h) /∈ {13, 26}. Then X2 ⊆ P where P is the subgroup of G or order 4a. Since A is
proper,
P (gA) = −3 + X, −3 + 2Y or Z,
whereX, Y ⊆ G/P such that |X|= 6 and |Y |= |Z|= 3. The coefﬁcient of the identity in (−3+X)(−3+X(−1))
is 15, the coefﬁcient of the identity in (−3+ 2Y )(−3+ 2Y (−1)) is 21 and the coefﬁcient of the identity in ZZ(−1)
is 3. All these contradict P (gA)P (gA)(−1) = 9.
(b) Suppose X2 = (h1, 3) for some h1 ∈ G of order 13 or 26.
If X1 ⊆ P where P is the subgroup of G of order 4a, then P (gA)= 6− (P (h1)), a contradiction. Hence there
exists h2 ∈ X1 such that 13|o(h2). If o(h2) = 52 or 104, then
P (gA) = 2X − Y or Z,
where X, Y,Z ⊆ G/P , X ∩ Y = ∅, |X| = |Y | = |Z| = 3, and both cases contradict with P (gA)P (gA)(−1) = 9.
So o(h2) = 13 or 26. Since A is proper, X1 = g1 + (g2, 3) + (h2, 3) where o(g1) = 1 or 2, o(g2) = 4 or 8 and
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o(h2) = 13 or 26. Let L be a subgroup of G of order 26. Then
L(gA) =
{
1 + 2L(g2) if o(g2) = 4,
1 + (L(g2), 3) if o(g2) = 8.
This contradicts L(gA)L(gA)(−1) = 9.
As a conclusion of this section, we have the following theorem.
Theorem 9. If n is not a multiple of 3, then there exists a proper CW(n, 9) if and only if n = 13 or n = 26.
4. The case when n is a multiple of 3
We shall now consider the case where n is a multiple of 3. By Theorem 3.11 of [3], we know that all CW(n, 9), where
9|n, are not proper. Thus we can assume 3‖n.
The following lemma is a particular case of Lemma 3.5 of [3].
Lemma 10. LetG=P ×H be an abelian group where P =〈〉, o()=3, and |H | is not a multiple of 3. LetA ∈ Z[G]
be such that AA(−1) = 9. Then for t ≡ 2mod 3 and t ≡ 1mod |H |, there exists an integer b such that
(bA)(t) = (bA) + (1 − )Pg
for some g,  ∈ H where o() = 1 or 2 and  = ±1.
We ﬁrst consider the case when o() = 2.
Lemma 11. Let G = P × H be an abelian group where P = 〈〉, o() = 3, and (3, |H |) = 1. Let A ∈ Z[G] be such
that for t ≡ 2mod 3 and t ≡ 1mod |H |
A(t) = A + (1 − )Pg (3)
for some g,  ∈ H where o() = 2. Let K = 〈, 〉 and let A =∑h∈I Ahh where I is the complete set of coset
representatives of K, g ∈ I and Ah ∈ Z[K]. Then
Ah = ah(1 + ) + ah( + 2) + ah2(2 + ) for Kh = Kg (4)
and
Ag = ag + (ag − 1) + ag + (ag − 1)2 + ag22 + (ag2 − 1). (5)
In particular, if the coefﬁcients of A are 0,±1, then ag, ag, ag2 ∈ {0, 1} and |supp(Ag)| = 3.
Proof. First, we considerAh whereKh = Kg. In this caseA(t)h =Ah. Note that ifAh=ah+ah+ah+ah22 +
ah + ah22, then
Ah = ah + ah + ah + ah + ah22 + ah22, (6)
A
(t)
h = ah + ah + ah2 + ah2 + ah2 + ah2. (7)
By comparing the coefﬁcients of Eqs. (6) and (7), we know that ah = ah, ah2 = ah and ah = ah2 . Thus
Ah = ah(1 + ) + ah( + 2) + ah2(2 + ).
Now, let us consider Ag . By Eq. (3),
A(t)g = Ag + (1 − )P .
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This implies that ag = ag + 1, ag2 = ag + 1 and ag = ag2 + 1. Hence
Ag = ag + (ag − 1) + ag + (ag − 1)2 + ag22 + (ag2 − 1).
If the coefﬁcients of A are 0,±1, it is obvious that ag, ag, ag2 cannot be −1 and hence |supp(Ag)| = 3. 
Lemma 12. Let G = P × H be a cyclic group where P = 〈〉, o() = 3, and |H | is not a multiple of 3. If A ∈ Z[G]
is a proper CW(n, 9), then there exists an integer b such that
bA = B + (P − 1)C + (P − 2)D + PE
for some B,C,D,E ∈ Z[H ] where coefﬁcients of B,C,D,E are 0,±1, and the supports of B,C,D,E are pairwise
disjoint.
Proof. By Lemma 10, for t ≡ 2mod 3 and t ≡ 1mod |H |, there exists an integer b such that
(bA)(t) = (bA) + (1 − )Pg,
where g,  ∈ H , o() = 1 or 2 and  = ±1. By replacing A with bA and, if  = −1, replacing g with g (note that
o() = 1 or 2 and hence −1 = ), we can assume
A(t) = A + (1 − )Pg. (8)
Suppose o()= 2. Then Lemma 11 can be applied. By using the notation of Lemma 11, we have the following four
cases.
Case 1: All the elements in the support of Ag have coefﬁcient 1.
Case 2: There are two elements in the support of Ag that have coefﬁcient −1 and one element in the support of Ag
that has coefﬁcient 1.
Case 3: All the elements in the support of Ag have coefﬁcient −1.
Case 4: There are two elements in the support of Ag that have coefﬁcient 1 and one element in the support of Ag
that has coefﬁcient −1.
WLOG we can assume that gA = X1 − X2 where X1, X2 are disjoint subsets of G such that |X1| = 6 and |X2| = 3.
Since all elements in Ah with coefﬁcients +1 and −1 for Kh = Kg come in pairs as in Eq. (4), either one or three of
the coefﬁcients of Ag are −1 in order to have |X2| = 3. Hence cases 1 and 2 are impossible.
If all the elements in the support of Ag have coefﬁcient −1, then we have K(A) = −3g + X, where X = K(X1)
and g /∈ supp(X). By comparing the coefﬁcient of the identity in the equation K(A)K(A)(−1) = 9, we have X = 0, a
contradiction.
If there are two elements in the support of Ag that have coefﬁcient 1 and one element in the support of Ag that has
coefﬁcient −1, then
K(A) = g(1 + 2h1 + 2h2 − 2h3),
where h1, h2, h3 are nonidentity elements in G/K . Note that contradiction occurs as the coefﬁcient of the identity in
the equation K(A)K(A)(−1) is 13 if h1, h2 and h3 are all distinct; 21 if h1 = h2 = h3; and 5 if h3 = h1 or h2.
So  = 1 in Eq. (8) and A(t) = A. Hence,
A = Y0 + PY 1, (9)
where Y0, Y1 ∈ Z[G]. Let A =∑h∈J Bhh where J is the complete set of coset representatives of P and Bh ∈ Z[P ].
For h ∈ J , Bh =  + 	( + 2) by Eq. (9) where , 	 = 0,±1. We shall now sort each coset into a different category
such that A can be written in the following form:
A = B + (P − 1)C + (P − 2)D + PE,
where if =±1 and 	=0, then h ∈ supp(B); if =0 and 	=±1, then h ∈ supp(C); if =−	=±1, then h ∈ supp(D);
and if  = 	 = ±1, then h ∈ supp(E). 
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Theorem 13. If n is a multiple of 3, then there exists a proper CW(n, 9) if and only if n = 24.
Proof. Let G = P × H be a cyclic group where P = 〈〉, o() = 3, |H | = w and (3, w) = 1. If A ∈ Z[G] is a proper
CW(n, 9), by Lemma 12, WLOG, we can assume
A = B + (P − 1)C + (P − 2)D + PE, (10)
where B,C,D,E ∈ Z[H ], coefﬁcients of B,C,D,E are 0,±1 and the supports of B,C,D,E are pairwise disjoint.
By comparing the coefﬁcients of  in AA(−1) = 9, we obtain
|supp(C)| − |supp(D)| + 3|supp(E)| = 0. (11)
By Eq. (10), P (A) = P (B) + 2P (C) + P (D) + 3P (E). If |supp(E)|1, then the coefﬁcient of the identity in
P (A)P (A)(−1) > 9 as |supp(D)| is not 0 in this case by Eq. (11). Hence |supp(P (E))| = 0 and hence |supp(E)| = 0
too. Now by Eq. (11), |supp(P (C))| = |supp(P (D))| and thus by comparing the coefﬁcients of the identity in
P (A)P (A)(−1) = 9,
|supp(P (B))| + 5|supp(P (C))| = 9.
Since A is proper, |supp(P (C))| = 0. We have |supp(P (B))| = 4 and |supp(P (C))| = |supp(P (D))| = 1. Hence,
P (A) = P (B) + 2
h1 + h2, (12)
where 
,  = ±1 and h1, h2 are distinct elements in (G/P ) − supp(P (B)). By Lemma 6, there exists g ∈ G/P such
that
(gP (A))
(3) = gP (A).
Let us write
X = 
gP (A) = 2x + X1 − X2,
where x = gh1, X1 and X2 are disjoint subsets of G/P and x /∈X1 ∪ X2. Note that
X(3) = X and XX(−1) = 9.
By X(3) = X, we get o(x) = 1 or 2. By XX(−1) = 9, we get
4 + |X1| + |X2| = 9 and 2 + |X1| − |X2| = ±3. (13)
By solving Eq. (13), we get either |X1| = 0 and |X2| = 5 or |X1| = 3 and |X2| = 2. By Lemma 7, w is a divisor of the
smallest common multiple of 3 − 1, 32 − 1, . . . , 35 − 1, i.e. 24 × 5 × 112 × 13.
Case 1: Assume w = 11a for some integer a.
There exists an element h ∈ supp(X) such that 11|o(h) as A is proper. Since |(h, 3)| = 5, we have |X1| = 0 and






i + (P − 1)x′ + (P − 2)h′,
where g′, h′, x′ ∈ H such that P (g′) = g, P (h′) = h and P (x′) = x. Note that 11|o(h′) and o(x′) = 1 or 2. Let
H = 〈h′〉. Then H (
g′A)= −6 + P + (P − 1)H (x′) if o(x′)= 2 and o(h′) is odd, otherwise H (
g′A)= −7 + 2P .
Note that in both situations, the coefﬁcient of H (1) in H (AA(−1)) > 9.
Case 2: Assume w = ma, where m = 24 or 5, for some integer a.
There exists an element h ∈ supp(X) such that m|o(h) as A is proper. Since (h, 3) = 4, we have |X1| = 0 and
|X2| = 5. Then X= 2x − (h, 3)− y where y ∈ G/P , o(y)= 1 or 2 and y = x. Let K be a subgroup of G/P such that
|K| =
{
23a if m = 24,
a if m = 5.
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Clearly x, y ∈ K . Then
	(X) =
{
1 − 4	(h) if m = 24,
1 − (	(h), 3) if m = 5,
where 	 : G/P → (G/P )/K is the natural epimorphism. Note that 	(h) is not the identity. There is a contradiction as
the coefﬁcient of 	(1) in 	(X)	((X)(−1)) are, respectively, 17 and 5.
Case 3: Assume that n = 13a for some positive integer a.
There exists an element h ∈ supp(X) such that 13|o(h) as A is proper. As |(h, 3)| cannot be 6, o(h) = 13 or 26.
Since |(h, 3)| = 3 and there are at most two elements f in G/P such that f 3 = f , we have
X = 2x − y − y3 ± (h, 3),
where y ∈ G/P and o(y) = 4 or 8. Let  ∈ G∗ such that (y) = −1 and (h) = 1. Thus, (x) = 1. Then we have
(X) = (X(−1)) = 4 ± 3. Hence XX(−1) = 9.
Thus w = 23 = 8. 
By Theorems 9 and 13, we have proved Theorem 3.
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